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ATMOSPHERIC AND PLUME DIFFUSION 

(from Bonadonna et al. [2005]) 

 

Considering ),(, yxf ji  (m-2) as a function that uses the advection-diffusion equation to 
estimate the fraction of mass of a given particle size and release height to fall around the 
point with coordinates (x,y), the analytical solution of the mass-conservation equation can 
be written as: 
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where jix ,  and jiy ,  are the coordinates of the center of the bivariate Gaussian 

distribution ( ∑+=
layers

jiji xxx δ, , ∑+=
layers

jiji yyy δ, ) and 2
,i jσ  is the variance of the 

Gaussian distribution, which is controlled by atmospheric diffusion and horizontal 
spreading of the plume [Suzuki, 1983]. 
 
Effectively, the use of 2

,i jσ  in eq. 1 lumps complex plume and atmospheric processes into 
a single parameter. This greatly simplifies the model, making it much easier to implement 
but also ignores processes that can affect tephra dispersion. For example, the diffusion 
coefficient is likely scale dependent and varies with barometric pressure in the 
atmosphere [e.g. Hanna et al., 1982]. Such factors are not considered in the model.  

 
Atmospheric turbulence is a second order effect for coarse particles, and several models 
for tephra dispersal are based on the assumption that the atmospheric turbulence is 
negligible [e.g. Bonadonna et al., 1998; Bursik et al., 1992b; Sparks et al., 1992]. 
However, if the fall time of particles is large, for example for ash-sized particles, 
atmospheric turbulence may not be negligible [Bursik et al., 1992a; Suzuki, 1983]. For 
small particle-fall times, ,i jt , the diffusion is linear (Fick's law), and the variance 2

,i jσ  is 
[Suzuki, 1983]: 
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where K  (m2 s-1) is a constant diffusion coefficient and '

it  (s) is the horizontal diffusion 
time in the vertical plume. The horizontal diffusion coefficient, K , is considered 
isotropic (K=Kx=Ky) [Armienti et al., 1988; Bonadonna et al., 2002; Connor et al., 2001; 
Hurst and Turner, 1999; Suzuki, 1983]. The vertical diffusion coefficient is small above 
500 m of altitude [Pasquill, 1974], and therefore is assumed to be negligible.  
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The horizontal diffusion time, '
it , accounts for the change in width of the vertical plume 

as a function of height, which is a very complex process [Ernst et al., 1996; Woods, 
1995]. Such a change in plume width simply adds to the dispersion of tephra fall, and so 
can be expressed as '

it  [Suzuki, 1983]. Here, we approximate the radius, ir , of the 
spreading plume at a given height, iz , with the relation developed by Bonadonna and 
Phillips [2003] and based on the combination of numerical studies [Morton et al., 1956] 
and observations of plume expansion [Sparks and Wilson, 1982]: 0.34i ir z= . Thus, 
taking jipir ,33 σσ == , where pσ  is the standard deviation of the Gaussian distribution 
of the mass in the ascending plume [Sparks et al., 1997; Suzuki, 1983], and from eq. 2 
with 0, =jit  we have: 
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When the particle fall time is of a scale of hours, the scale of turbulent structures that 
carry particles increases with time [Suzuki, 1983]. As an example, particles with diameter 
<1 mm falling from a 30 km-high plume will have an average fall time >1 hour (based on 
their particle settling velocity). In this case the variance 2

,i jσ  can be empirically 
determined as [Suzuki, 1983]: 
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where C  is the apparent eddy diffusivity determined empirically (C =0.04 m2 s-1; 
[Suzuki, 1983]). Taking 0, =jit  in eq. 4 and ijii zr 34.03 , == σ  as for eq. 3, we have that 
the horizontal diffusion time for fine particles is: 
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Figures 1a and 1c show how '

it  significantly affects the total fall time of coarse particles 
more than the total fall time of fine particles, i.e. '

,( )i j it t+ , because for fine particles 

jii tt ,
' <<  (Figs 1a and 1b). However, depending on the value of K, the horizontal 

diffusion time of coarse particles is typically smaller than the horizontal diffusion time of 
fine particles for low heights (Fig. 1b). In this case coarse and fine particles indicate 
particles with fall time < or > than the fall-time threshold chosen as a transition between 
eq. 2 and eq. 4 (e.g. fall-time threshold = 3600 s in Fig. 1). Such a transition is not well 
defined based on theory but can be determined empirically. 
 
As a conclusion, once particles leave the bottom of the turbulent current, they experience 
different types of turbulent diffusion depending on their size. The linear diffusion 
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Fig. 1. Plots showing the variation for different particle sizes of: (a) particle fall time in the atmosphere (ti,j) (semi-log plot); 

(b) horizontal diffusion time in the ascending plume (
'
it ) (linear plot); (c) particle fall time in the atmosphere + horizontal 

diffusion time in the ascending plume (
'

, iji tt + ) (semi-log plot); (d) variance in eqs 2 and 4 (
2
, jiσ ) (semi-log plot). 

Calculations are done between 1 and 35 km (1 km step), with K = 1000 m2 s-1 and FTT = 3600 s. Note how the plume 

diffusion time (
'
it ) mainly affects coarse particles ((a) and (c)). Note also the step in 

2
, jiσ  values at 5-6 km for 0.25-mm 

particles due to the shift of diffusion law ((d); eqs  2 and 4). 

described by eq. 2 strongly depends on the choice of the diffusion coefficient, whereas 
the power-law diffusion described by eq. 4 strongly depends on the particle fall time and 
the horizontal diffusion time of the ascending plume [Suzuki, 1983]. If the volcanic 
plume is sufficiently high, some particles will experience a shift in diffusion law during 
fall due to the decrease in fall time (e.g. particles with diameter of 0.25 mm in Fig. 1d). 
Figure 1d also shows the strong power-law dependence of 2

,i jσ  on time, which makes the 
total diffusion more significant for fine particles.  
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